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ABSTRACT. Let G be a locally compact group and A an arbitrary Banach space.
L?(G, A) will denote the space of p-integrable 4-valued functions on G. M(G, A4)
will denote the space of regular 4-valued Borel measures of bounded variation on
G. In this paper, we characterise the relatively compact subsets of L?(G, A). Using
this result, we prove that if u € M(G, A), such that either x - p, or x - p is
continuous, then u € L(G, A).

1. Introduction. Let G be a locally compact group and let A be the left Haar
measure on G. Let A be an arbitrary Banach space. The space of 4-valued regular
Borel measures of bounded variation on G will be denoted by M(G, A). The space
of A-valued p-integrable (see §2 for proper definition) functions on G will be
denoted by L?(G, A) (1 < p < ). For 4 = C, the complex field, these spaces will
be denoted by M(G) and L?(G) respectively. It is a well-known result that if
p € M(G) and either of the functions x -, p and x — pu, is continuous, then
p € L'(G) (§19.27 of [2]). For the vector-valued case, similar arguments lead to the
result that under these conditions p is absolutely continuous with respect to A
(Lemma 1 of §4). However, in the vector-valued case, a measure absolutely
continuous with respect to A need not be in L'(G, 4) (for example, see [6]). Hence
it is of interest to see whether under such conditions we can claim that p €
LY(G, A). In Theorem 4 of §4 we prove that if either x > pu or x —p, is
continuous then p € L'(G, A). In proving this result we use the results of §3 where
we characterise the relatively compact subsets of L?(G, A). For L?(G) this was
done by Weil in [7].

2, Definitions and preliminaries. An 4-valued function F on G is called countably
valued if there exists a sequence of disjoint Borel sets {E;}32., such that F is
constant on each E; and is zero on G\ U 2, E,. Let » be a nonnegative Borel
measure. F is called rv-measurable if there exists a sequence of countably valued
functions converging to F a.e. (v). F is called weakly measurable if ¢ F is
measurable for every ¢ € A*, the dual of 4. It can be shown that F is »-measur-
able if and only if F is weakly measurable and there exists a set £ C G with
v(E) = 0, such that F(G\FE) is separable. F is called measurable if F is y-measur-
able for any positive Borel measure ». Thus F is measurable if and only if F is
weakly measurable and has separable range. Two »-measurable functions equal a.e.
(») are called v-equivalent.

Received by the editors September 6, 1978.
AMS (MOS) subject classifications (1970). Primary 22D99, 28A45, 46G10.
Key words and phrases. Locally compact group, vector-valued measures.

© 1980 American Mathematical Society
0002-9947/80/0000-0061/$04.25

507



508 U. B. TEWARI AND M. DUTTA

For 1 < p < o0, LP(G, A) is the set of A-equivalence classes of A-measurable
functions such that if F is a representative of an equivalence class belonging to
L?(G, A), then (f¢ [|F||” dN)'/? = || F|||, < 0. L?(G, A) with the norm || - ||,
forms a Banach space. As usual, by a function in L?(G, A), we shall mean the
corresponding equivalence class. For any function F on G and any x € G, F will
denote the left translate of F by x, defined by  F(y) = F(xy). Similarly we define
the right translate F, by F.(y) = F(yx). If F € L?(G, A) then both ,F and F,
belong to L?(G, A) for any x € G. Moreover, |||, F|l, = ||F|ll, and ||F,[ll, =
[AC™HI2 |IFI > Where A is the modular function on G. It can also be proved
that the map x —,F of G into L?(G, A) is right uniformly continuous and that the
map x — F, is continuous.

If F is A-measurable and [ ||F|| dA < oo for some measurable set E, then we
can define an integral (Bochner) of F over E [ F(x) d\(x) as an element of A4 (see
[1] and [3]). Using this integral, we can define the convolution of g € L'(G) and
F € L?(G, A) by

8.F(x) = [ gV F(y™) ) = [ s()F(y~'%) dA)

for almost all x.g, F so defined belongs to L?(G, A) and ||| g * F|||, < || gl plll Flll -
Also if A™VPg € LY(G) (p'=p/(p — 1), p’ = if p=1) and F € L?(G, A),
then we can define

Fxg(x) = fGA(y“)g(y)F(xy") dNy)

= fG g(yx)F(y~")A(y ") dA(y)

for almost all x. F » g € L?(G, A) and |||F * gl||, < [I|F|ll, |A~"/?g]| .. If support
of g C K, and support of F C K, then support of g + F C KK, and support of
F » g C K;K,. The proofs of these facts are exactly similar to the case when 4 is
the complex field (see [2]).

Let 9 denote the family of Borel subsets of G. Let p be a countably additive
A-valued function on %®. V(p) will denote the total variation of p. V(p) is a
positive Borel measure on G. p is said to be of bounded variation if V() is finite. u
is called regular if ¥( ) is regular. p is said to be absolutely continuous with respect
to A if ¥(u) is absolutely continuous with respect to A. M(G, 4) will denote the
space of regular A-valued Borel measures of bounded variation on G. M(G, 4) is a
Banach space under the norm || u||, = V(u)(G). For p € M(G, A) and x € G, .pu
will denote the left x-translate of p, defined by ,u(E) = w(xE) for any E € B.
We define the right x-translate by u (E) = A(x ~")u(Ex) for any E € B. (A(x ")
is introduced in the definition of p, so that for p € L'(G, 4) the two definitions of
., coincide.)

For u € M(G, A) and » € M(G) we can use the results of Chapter II of [4] to
define p X » and » X p, the products of the measures p and ». p X » and v X p are
A-valued regular Borel measures on G X G, the Cartesian product of G with itself.
Using this and the results of Chapter IV of [4] we can define u * » and » * p, the
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convolutions of the measures p and ». p * » € M(G, A) and is given by p * »(E) =
p X »(E,), where E, = {(x,y) €EG X G: xy € E}. Also » » p € M(G, A) and
v * w(E) = » X p(E,). Since » is scalar-valued, we can use Theorem III.1 of [4] to
get i X W(E;) = [g b5 (x) du(x). Here ¢(x) = w(Ey),) and (Ep, = (y € G:
(x,y) € E,} = x7'E. Thus we get,

prv(E)= fG v(x~'E) du(x). (1)

If u(B), the range of the vector-valued measure p, is separable then using the same

theorem we get p X »(E,) = [ Yg,(¥) dv(y). Here Yz (y) = p(E,)) and (E)) =
{x € G: (x,y) € E,} = Ey~!. Thus we get,

prv(E) = [ w(By ™) dv(y). @
Similarly we get,

v e w(E) = [ ¥(By™) du). @)
Also, if u(%B ) is separable then,

v« u(E) = fG p(x~'E) dv(x). @)

We note that the p-integrability of the integrands in (1) and (3), and the »-integra-
bility of the integrands in (2) and (4) are part of the conclusions of Theorem III.1
of [4]). These integrals are Bochner-type integrals and are discussed in §III.1 of [4]
and also in [1] and [3].

REMARK. We can show that equation (2) is valid whenever the function y —
w(Ey~") has separable range. This function is weakly measurable. Hence it is
measurable whenever it has separable range. Also,

[Is(EB = INave)») < [V(a)XE ) dV())

= V(p) » V()E).
Hence, by §IIL.1 of [4], y — u(Ey ") is v-integrable and the right-hand side of
equation (2) is well defined. Let A* be the dual of A. Then for any ¢ € 4*

o [ 1B ™) d()) = [son(Ey ™) dr(r) = (Gom) = (E).

From the definitions it easily follows that ¢o( n * ») = (¢op) * ». Hence,

bol i+ E) = (#om) + 9(E) = o [ u(By™) ().

Since ¢ € A* is arbitrary, we see that equation (2) is valid. Similarly we can show
that equation (4) is valid whenever the function x — p(x ~'E) has separable range.
We shall make use of these facts in the proof of Theorem 4.

From the definitions it follows easily that for any x € G, ,(p * v) = p * » and
(w*»),=p=*v,. Also from Theorem IV.2(b) of [4] we have V(p *») <

V(w) » V).
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Any F € L'(G, A) defines an element of M(G, A) which we will denote by F
itself. This element is given by F(E) = [y F(x) d\(x) for any E € ®B. This
correspondence gives an isometric imbedding of L(G, 4) in M(G, A).

3. Relatively compact subsets of L?(G, A). We now prove a theorem which
characterises the relatively compact subsets of L?(G, A) for 1 < p < c0.

THEOREM 1. Subset F of LP(G, A) is relatively compact if and only if the following
conditions are satisfied.

(1) F is norm bounded, i.e., there exists a constant M > 0 such that for any
FEG,|Fll, <M.

(2) Given ¢ > 0, there exists a compact set K C G such that sup{[ gk || F||” dA:
FeEeY%}<e

(3) Given € > 0, there exists a neighbourhood U of identity e in G such that
sup{||[,F-Fll,:a € U, F € ¥} <e.

(4) For each measurable relatively compact subset E of G, the set {[g F(x) d\(x):
F € %} is relatively compact in A.

(Note that [g F(x) d\(x) is defined even for p > 1, since by Holder’s inequality,
el Fx)I dA(x) < (|| F[l|[ACE)]'P).

ProOF. The necessity of (1)—(3) follows easily from total boundedness of %. For
(4) it is enough to note that the mapping F — [ F(x) d\(x) is continuous from
L?(G, A) into A.

For sufficiency, we shall construct a Se-net in G for any ¢ > 0. Choose a
compact set K for e” as in (2) and a compact symmetric neighbourhood U for ¢ as
in (3). Let xx be the characteristic function of K. Choose a continuous nonnegative
function g on G supported in U with [; gdA = 1. For F € %, let F* = x, F and
F** = g+ F*. Then || F-F*||, = [/ o~x||F|I” d\]'/? < e. Also,

Is + FO-FCOI =] [ 50)FO ) A0) ~ [ 5GIF() )|
< JIFG%)-F@)g(») aN)
<[ L16-F-PIe0) 3] 7.
Note that f¢ gdA = 1. Thus,

[ 1/p
lig » F~Fll, <| [ d\(x) [ (F-F))]8(») dx(y)]

[ [ g ) [ -r-r ]

<[er fug(y) dk(y)]w =e.
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Therefore,
l|F**-F||l, < llg * F*-g * F|l|, + |l g * F-Fl,
<||gllc: I F*~FIl|, + & < 2e.

Let %** denote the family of functions F** for F € %. In view of the above
inequality, an e-net in ¥ ** will give a Se-net in .

To obtain an e-net in F**, we first prove that $** is an equicontinuous family of
functions. Suppose ¢, > 0. Let M,, = sup, ¢ ,[A(y ~1). Choose a neighbourhood ¥
of e in G such that ||,g-g||, < &,/ MM,/? for all a € V. Then for any F** € F**,
a € Vand x € G, we have

Fe(@x)-FCl =] [ [ 8- ]P0 dx(y)ﬂ
< J )= 7] aN)
—nP ep
<lls-s8ll| [ 17O 20|
_ G
» -1 1/p
=I1Cs-9l, | [JFOIPAG 20)]

<lLs-slyMi”| [ IO dA(y)]

<

MM'/P My/?||| F*|ll, < &

This proves equicontinuity of ¥**. Now, we shall prove that for any x € G, the
set { F**(x): F € %) is relatively compact in 4. We shall construct a 3e,-net in this
set for any €, > 0. Consider the function g which is positive and continuous on G
and supported in U. Let M’ = sup, ¢ ,{A(y~ H). Leth’ =3"_, ,Xg,, Where E’s are
disjoint measurable relatively compact subsets of U, such that |A'—gA|,
&/ MMy/?M’. Let h = K’A~". Then || h-g||,, = ||(F'-gA)A™"||,; < &,/ MM]/?. Now
foranyx € Gand F € &

g * F*(x)-h, F*(x)| < fG [(g=m)Co)| | F*(»~ Y] dM(y)
P 1/p
<Ll | [ 176 00)]

=||<g—h)||,'[ firowrsey o] ”

< M| LI O )]

= &l F*l,/M < e,
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In view of this inequality, any e,-net in the set {h, F*(x): F € ¥} will give a
3ey-netin { F**(x): F € 9}. Now,

h F*(x) = iél ai(xE‘A") * F*(x)
- él o fG (x5~ ()F*(y ") dN(»)

= 3 o[ (A )0 )P RIAG ) dNG)

n

= 3 A7) fGXﬁ(’W—I)P(y) dN(y)

i=1

n

=S aa”'(®) [ F(y)dA).
i=1 E~'xnK

By (4), the sets {fg-1,nx F(¥) dN(y): F € %} are relatively compact for1 <i < n,

and hence it follows that the set {h, F*(x): F € %} is relatively compact in A4.

Thus we can construct an ¢,-net in this set and from this we will get a 3e,-net in

{F**(x): F € 9). This proves that { F**(x): F** € $**} is relatively compact in

A for any x € G.

We note that the family of functions %** is supported in the compact set UK.
Considering F** as a family of continuous functions from UK into 4, we see that
this family satisfies the hypothesis of Theorem 7.17 of [5] (Ascoli’s theorem). Hence
it is relatively compact in the topology of uniform convergence on UK, i.e. in the
supremum norm. Now an eA(UK)]~'/7-net in this norm will give an e-net in F**
with the || - |||, norm. As we have already proved, this gives a Se-net in F. Since
e > 0 is arbitrary, we have proved that ¥ is relatively compact. This completes the
proof.

For A = C, the complex field, condition (4) is redundant and we get Weil’s
theorem [7). This is true for finite dimensional spaces also. Condition (4) is
important whenever A4 is infinite dimensional. Indeed, whenever A is infinite
dimensional, the following is an example of a family ¥ c L?(G, A) satisfying
(1)-(3) but not (4).

Take B Cc A such that B is bounded but not relatively compact. Take f €
L?(G), f # 0. Now define § = {af: a € B}.

Condition (3) is the left equicontinuity of the functions in %. A similar theorem
can be proved with left equicontinuity replaced by right equicontinuity.

THEOREM 2. A subset F of LP(G, A) is relatively compact if and only if ¥ satisfies
conditions (1), (2) and (4) of Theorem 1, and the following condition.

(3Y Given ¢ > 0, there exists a neighbourhood U of identity e in G such that
sup{|| F,-Flll,:a € U, F € ¥} <e.

The proof of Theorem 2 is similar to that of Theorem 1. One has to take
F** = F + gin place of F** = g, F* and [; A"'gd\ = l in place of [; g dA = 1.
Similar changes have to be made in the definition of . We omit the details.
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If we demand both right and left equicontinuity then we can show that condition
(1) follows from the rest. In other words, we shall prove

THEOREM 3. A subset F of LP(G, A) is relatively compact if and only if the
Jollowing conditions are satisfied.

(1) Given € > 0, there exists a compact set K C G such that sup{[s g || F||” dA:
Fe %) <e

(2) Given & > 0, there exists a neighbourhood U of identity e in G such that
sup(|ll,F~Fll,» | F,~Flll,: a € U, F € F} <e.

(3) For each measurable relatively compact subset E of G, the set { [z F(x) d\(x):
F € ¥} is relatively compact in A.

ProoF. The necessity of the conditions is obvious. For sufficiency, in view of
Theorem 1, it is enough to prove that (1)-(3) imply that sup{|||F|||,: F € F} = M
< 0. For € = 1, choose a compact set K C G as in (1) and a compact neighbour-
hood U of e in G as in (2). Choose {x;}7.; C K such that { Ux,}}., is a cover of K.
Let F € % and

F(x) = fx F(y) d\(»).
Then
(F = F)) = 573 [ (FO) = FG) A0,
Therefore,
IE-F)CO < 575 . JFO)-FOol dhGy)

= 503 JLJFe)-FOl M)

<[ sy L reor-reor x| ”
Hence,

, 1 ,

LHF -F|’ dx < m]x d}\(x)fU"F(xy)_F(x)" dr(y)
1 4

= 0y J, POV [JF)-FI X

1
—_— - P
<X J, VBl 4N
<L
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Also, for any a € U and any x € G, we have

|F(ax)-F/(x)] = " T o FO) 20555 [ FO) dA(y)"
="x(17) [ F@) x0)-505 [ FO) dx(y)"
< 50 S NeF-Fll A

[ 1 » 1/p
< sy L -1 ]

1

1/p
< - m] = a (say).

Now {(1/AU)) v ¢d\: ¢ € F} is relatively compact. Therefore

sup{ a/nVYf ¢ dA“: = qf) < .

= . 3
N = max sup{ (l/A(U))LiU¢d}\ 19 € J].
Then |F'(x)|] < N fori=1,2,...,n.Since Ux;’s cover K, and || F'(ax)-F'(x,)||
Sa for all a€ U and 1 <i <n, we have ||[F'(x)|]| <K N+ a for all x € K.
Therefore, [x||F'||”P dA < (N + a)® M(K) = B? (say). But [, ||F'-F|?Pd\ < 1.
Therefore, (|| F||? dA < (B + 1)2. Thus || F||? d\ < (B + 1)’ + 1 and we can
take M = [(8 + 1)? + 1]'/7. This proves the theorem.

4. Continuously translating elements of M(G, A). We now prove that the elements
of L!(G, A) are the only ones in M(G, A) which translate continuously. More
precisely we prove

THEOREM 4. If p € M(G, A) is such that either x —. p or x — p, is continuous,
then u € LY(G, A).

Before proving the theorem we prove a couple of lemmas.

LEMMA 1. Let p € M(G, A). Then the following are equivalent.

(1) p is absolutely continuous with respect to A.

(2) For any measurable relatively compact set E C G, the function y — p(Ey) is
continuous.

(3) For any measurable relatively compact set E C G, the function y — p(yE) is
continuous.

PROOF. Let p € M(G, A) be absolutely continuous with respect to A and let E be
any measurable relatively compact subset of G. Let y, € G and let ¢ > O be given.
Choose 8 > 0 such that for any F C G, AM(F) < § implies V(p)(F) <e. This is
possible since V() is absolutely continuous with respect to A. Now, xz; € L(G)
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since E is relatively compact. Hence y — Xz, is continuous and we can choose a
neighbourhood ¥ of y, such that for any y € V, ||xg~Xg,ll+ < 8. Therefore, for
anyy € V,

A(Ey A Ey,) = N(Ey\Ey,) + N Eyo\Ey)

= |IXgy~Xgy,ll 1 < 8-
Hence, for any y € V,

|(Ey)-u(Eyo)|| =||n(Ey~Eyo)-p(Eyo\Ey)|
< V(p)(EyNEyo) + V(p)(EyoNEy)
= V(p)(Ey A Eyp) <e.

This shows that y — p(Ey) is continuous. This proves (1) = (2). The proof of
(1) = (3) is similar.

For the proof of (3) = (1), let u € M(G, A) such that (3) is satisfied. Let E be
any compact subset of G such that A(E) = 0. Then the function x -» || w(x ~'E)]| is
continuous. Let » € M(G) be defined by dv = x,dA, where x,, is the characteristic
function of some relatively compact neighbourhood U of e. Then » is absolutely
continuous with respect to A. Hence » * V() is absolutely continuous with respect
to A. Therefore, we have

0=» s V(p)E) = [ V(W)(x"'E) d(x)

= [ V(u)(x"'E) d\(x) > [ |lu(x™'E )] dA(x).
U U

Since x — || p(x "'E)| is a nonnegative continuous function, || u(x 'E)|| = 0 for
any x € Interior of U. Hence || w(E)|| = 0. In the same way || p(F)|| = O for any
measurable F C E. Hence V(pu)(E) = 0. This shows that ¥(p) is absolutely
continuous with respect to A. This proves (3) = (1). The proof of (2) = (1) is similar
and the proof of Lemma 1 is complete.

Note. The proof of (3) = (1) is an adaptation of §19.27 of [2] to the vector-valued
case.

LEMMA 2. Let p € M(G, A) and let E be any measurable relatively compact subset
of G. Then the functions y — p(Ey) and y — p(yE) vanish at infinity.

PRrROOF. Let ¢ > 0 be given. By regularity of u there exists a compact set K C G
such that V(u)(K¢) < e where K¢ is the complement of K. Let K; = E ~!K. Then
K, is relatively compact and for y & K, Ey C K°. Thus fory & K, || /(Ey)|| < e.
This shows that the function y — u(Ey) vanish at infinity. Similarly we can show
that the function y — u(yE) also vanishes at infinity and our proof is complete.

PROOF OF THEOREM 4. Let p € M(G, A) such that x —,p is continuous. Then for
any measurable set E C G, x —,u(E) = u(xE) is continuous. Hence by Lemmas 1
and 2 we can conclude that for any measurable relatively compact set E, the
funtions y — uw(yE), y - w(y "'E), y — u(Ey) and y — p(Ey~") are continuous
functions vanishing at infinity.
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We now take a fixed compact neighbourhood Uj, of the identity e in G. Let D be
the family of all neighbourhoods of e contained in U, directed under inclusion.
Take any W € ). Then A(W) < oo since W is contained in the compact set U,
Let fi, = (1/M(W))xw, where X, is the characteristic function of W. Then
fw € LY(G) and || fy|lp: = 1. Now Fy, = p =+ fy, € M(G, A) and || Fyll, < [lpll,
Let § = {F,: W € D). We shall first prove that § C L'(G, 4). (See the remark
at the end of this paper.) For this, take any W € % and consider the 4-valued
function Fj, on G defined by Fyp(y) = [ fu(x"Y) du(x) = p(yW ~")/NW).
Since W, and hence W !, is relatively compact, it follows from the first paragraph
of this proof that Fy, is a continuous function vanishing at infinity. Hence Fy, is
measurable. Also

IER O < f_w(x™) dV()(x) = V(w) # S ().

Since V(p) * fy, € L'(G) we see that F;, € L'(G, A). Let ¢ be any element of 4*,
the dual of 4. Then forany E € 9,

¢(Fy(E)) = 4>( fE Fyy(y) aX( y)) = fE (oFi) () dA()
= fE dA(y)(P( fG fw(x7Y) d“(x))

= fE dA(y) fG Sw(x~)d(@op)(x)
= (¢o1) * fw(E)
= fofw(x- 'E )d(op1)(x)

= o [ swx~E) ()
= ¢(Fy(E)) (by (1) of §2).

Hence Fy(E) = F,(E) for any E € ®. Therefore Fy = Fy, and thus Fy, €
L'(G, A). Since W is an arbitrary member of ) we see that ¥ C LY(G, A).

Now we shall prove that ¥ as a subset of L'(G, 4) satisfies conditions (1)-(4) of
Theorem 1. Since for any W € D, ||Fylll; = l|Fwll, < Il #ll,, we see that (1) is
satisfied with M = || p||,. Next, let ¢ > 0 be given. Choose a compact set K, C G
such that V(p)(K?) < e. Let K = K,U,. Then K is compact and for any W € 9,

[Nl dNx) = V(F )(K®) < V(1) * fu(K?)
G\K

< ﬁ [, v(w(Ky ™) dAy).
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Now for any x € K¢ and for any y € W, xy~! € K{. Therefore for any y € W,
K% ™! c Kf{ and thus V(p)(K% ") < e. Hence

1 -1
L JEw I M) < s [ v(m(Ey ™) an)

€
< A(_VV)fW d\(y) = e.
Thus ¥ satisfies condition (2) of Theorem 1.
Again for ¢ > 0, we take a neighbourhood U of e in G, such that for any x € U,
llxu—pll, < e This is possible since x — pu is continuous. Then for any W € )
and for any x € U,

lxFw—Fwlll, = "x(l"’ * fw)—n *fW".,
=i * St * fullo =Gr—p) * fllo <llxp—nll, Wl < e

Thus ¥ satisfies condition (2) of Theorem 1.

Finally, let E be any measurable relatively compact subset of G. We shall show
that {Fy(E): W € 9} is relatively compact in 4. First we note that since E is
relatively compact, the function y — u(Ey ~!) is a continuous function vanishing at
infinity. Thus this function has separable range. Hence by the remark in §2,
equation (2) is valid for g. Thus

Fy(E) = qu(Ey ) dfw(y) = M—IW; fwn(Ey ) dN(y)-

Since y — p(Ey ') is continuous and U, is compact the function y — p(Ey ™) is

uniformly continuous on Uy, i.e., given ¢ > 0, there exists a neighbourhood W, of

e, such that for any x,y € U, with xy ™' € W,, || W(Ex~")-u(Ey ~")|| < &. Cover

U, with finite number of right translates of W, { W,x;}7..,. Then any W € % can

be expressed as W = U L, W,, where W;’s are disjoint measurable sets and each

W,C Wox,, for some 1 <k; <n. Now if x € W, then x € Wyx, and hence
' € W,. Thus for x € W, || w(Ex,, ")-u(Ex~")|| < e. Therefore,

)\(W)p.(Ex,; N ‘

Fy(E)- E —)\(W)
< A(W) igl fm"”(Ex_l)_”(Ex'; l)“ dA(x)

< W)- ,21 fW, dA\(x) = &.

Let Y be the finite dimensional linear space generated by { p(Ex;~ l)};P_,. Then we
see that for any W € 9, there exists ay, € Y such that || F(E)-ay| < €. Since

p,(Ex ) d\(x)- 2 A(W)p,(Ex,q )
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{Fy(E): W € 9} is bounded, {a,: W € 9} is a bounded subset of the finite
dimensional linear space Y. Hence {a,: W € 9} is totally bounded and we can
obtain an e-net {ay }7., in {ay: W E }. Then it is easy to see that
{Fw,(E)}7=1 is a 3e-net in {Fy(E): W € 9D}. Since ¢ is arbitrary, we can
conclude that { F(E): W € 9} is totally bounded and hence relatively compact
in A. This shows that ¥ satisfies condition (4) of Theorem 1.

Thus & satisfies all the conditions of Theorem 1 and hence ¥ is relatively
compact as a subset of L'(G, A). Therefore the net {F,,: W € 9} has a subset
which converges to some F € L'(G, A). Let E be any measurable relatively
compact subset of G. Then the corresponding subnet of {Fu{E): W € 9}
converges to F(E). However since E is relatively compact we have Fu(E) =
(A/AW))fw m(Ey~") dA(y) as has been -already shown. Since E is relatively
compact y — u(Ey~') is continuous. Hence, given ¢ > 0, we can choose a
neighbourhood U of e in G such that for any y € U, || w(Ey ~")-u(E)|| < e. Then
for W c U and for y € W, || w(Ey ~")-u(E)|| < e. Therefore for W € and W C
U,

1 (E)w(E ) <5375 . (B )w(ED) N

< X(:V_) fWIIM(Ey")-M(E )| dA(»)

€
AW fwd)\(y) =e.

Therefore the net { Fy(E): W € 9} converges to u(E). Hence any subnet of it
also converges to p(E) and thus p(E) = F(E) for any measurable relatively
compact subset E of G. Since u and F are regular this equality remains valid for all
measurable subsets E of G. Thus p = F € L'(G, A). This completes the proof of
one-half of the theorem.

For the proof of the other half of the theorem, let p € M(G, A4) such that x — p,
is continuous. Then for any measurable set E C G, x > p(E) = A(x ™ ")u(Ex) is
continuous. However x — A(x) is continuous. Therefore, x — u(Ex) is continuous.
Hence by Lemmas 1 and 2 we can conclude that for any measurable relatively
compact set E, the functions y — p(yE), y - p(y 'E), y > p(Ey) and y >
w(Ey ') are continuous functions vanishing at infinity.

The rest of the proof is similar to that of the first half of the theorem. Instead of
F,, = p * f,, we shall have to take Fy, = fy * p. As before, we shall be able to
prove that § = {Fy,: W € 9} C L'(G, A). Theorem 2, instead of Theorem 1, will
be used to prove that F is relatively compact in L'(G, 4) and as before we will be
able to conclude that p € L'(G, A). This completes the proof.

REMARK. We feel that there should be a direct proof of the fact that & C
L'(G, A). Indeed from Theorem 4 it can be deduced that for any p € M(G, 4) and
f € LY(G), u* f € L'(G, A). This is because x - (p * f), = p * f, is continuous.
It will be interesting to have a direct proof of this fact.

<
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